The volume of a bubble in a piezoinkjet printhead is measured acoustically. The method is based on a numerical model of the investigated system. The piezo not only drives the system but it is also used as a sensor by measuring the current it generates. The numerical model is used to predict this current for a given bubble volume. The inverse problem is to infer the bubble volume from an experimentally obtained piezocurrent. By solving this inverse problem, the size and position of the bubble can thus be measured acoustically. The method is experimentally validated with an inkjet printhead that is augmented with a glass connection channel, through which the bubble was observed optically, while at the same time the piezocurrent was measured. The results from the acoustical measurement method correspond closely to the results from the optical measurement.
I. INTRODUCTION
The dynamics of a sound driven free bubble in infinite volume is well described by the Rayleigh-Plesset equation, [1] [2] [3] whose validity even under the extreme conditions of single bubble sonoluminescence has been thoroughly established. 4 However, many important cases of bubble dynamics occur under constraint conditions, in finite volumes of liquid, rather than infinite volumes, such as in confined spaces and near a wall. [5] [6] [7] [8] Examples include the behavior of gas bubbles in blood vessels, aiming at improving ultrasound diagnostics and treatment, 9 or thermal inkjet printing and other microfluidic applications, where bubbles are used as actuators. 10, 11 However, bubbles can also disrupt the operation of the printhead as was shown in earlier research. [12] [13] [14] Although inkjet printing is a robust process and billions of droplets can be printed without problems, there is a small chance that during actuation a small air bubble is entrapped at the nozzle of an ink channel. The bubble influences the channel acoustics, reducing the pressure buildup at the nozzle. The bubble grows by rectified diffusion until it reaches a diffusive equilibrium. [12] [13] [14] At this size, the pressure buildup at the nozzle is insufficient for droplet production, so that the nozzle fails. This malfunctioning can be detected acoustically, 13 but until now the relation between bubble size and channel acoustics has not been shown quantitatively. In fact, in many studies, the bubble was assumed to behave as if it were in an unbounded liquid. 15, 16 The dynamics of a bubble in confined space is fundamentally different from that in an infinite volume of liquid where the far field is three dimensional. In contrast, in a compressible inviscid liquid, the far field of a bubble between two parallel infinite walls is two dimensional, 17 and the far field of a bubble in an infinitely long pipe is one dimensional. [18] [19] [20] An incompressible liquid does not allow bubble volume fluctuations in either confined space, while the volume fluctuations in an unbounded volume of liquid are possible and governed by the Rayleigh-Plesset equation. Models that assume an unbounded volume of liquid are therefore inappropriate for a bubble in a confined space.
In this study, a model is used that captures the effect that a bubble has on the channel acoustics and vice versa. To validate the model, experimental results are presented which correlate the acoustic change inside the channel with optical measurements of an entrained air bubble.
II. GEOMETRY OF THE INKJET PRINTHEAD
The inkjet printhead that is used in this research is developed by Océ Technologies B.V. This experimental printhead consists of 256 similar ink channels. Each channel has an actuator section with a rectangular cross section of 118 ϫ 218 m 2 and a length of 8 mm. A cylindrical channel section with a radius of 125 m and a length of 1.5 mm connects the actuator section to the nozzle. A piezo is placed onto the actuator section. When a trapezoidal pulse of 13 s ͑4 s rise time, 5 s plateau, and 4 s fall time͒ 21 is applied to this piezo, it generates acoustic waves in the channel. The generated waves travel through the channel and are reflected at the ink reservoir at one side, and at the nozzle at the other side. The result is a velocity and pressure buildup at the nozzle which leads to a droplet being ejected. 22, 23 Typically, droplets of 30 pl are generated at a rate of 20 kHz with a velocity of 6 m/s.
To visualize the dynamics of the entrained air bubble, a 400 m long glass connection channel ͑Micronit Microfluidics B.V., The Netherlands, info@micronit.com͒ was interposed between the ink channel and the nozzle plate ͑Fig. 1͒, similarly as done in Ref. 13 . This channel was made by powder blasting which resulted in an hourglass shape with a waist diameter of 220 m and a maximum diameter of 300 m at the ends. To interpose the glass connection channel an extra 2 mm connection channel was required. In Fig.  2 , the connection channel with an air bubble inside is shown. On top of the connection channel, a 100 m thick nickel nozzle plate is glued. The trumpet shaped nozzles have a diameter of 30 m at the exit and 130 m at the inlet.
III. EXPERIMENTAL PARAMETERS
Besides visualizing the bubble dynamics, also the pressure variations inside the channel were measured. This was done by measuring the piezocurrent. This technique 24 has earlier been applied in Ref. 13 . Even small pressure fluctuations in the channel result in measurable current fluctuations from the piezo. As this signal is only measured in between the actuation pulses, the time window where the current can be measured is 37 s at a droplet production rate of 20 kHz. An example of this piezocurrent is shown in Fig. 3 . This figure illustrates that the acoustic signal changes significantly when the channel acoustics are disturbed by air entrapment.
The piezocurrent was measured at a range of bubble volumes. To accomplish this, air entrapment was induced by physically blocking a channel while actuating. The actuation was continued until the entrapped bubble reached its diffusive equilibrium size, which is about 120 pl. Then, the actuation was stopped allowing the bubble to dissolve. The bubble dissolves at a rate of approximately 0.5 pl/s, so it takes about 4 min for a 120 pl bubble to fully dissolve. During the dissolution of the bubble, piezocurrent data were gathered by actuating at a frequency of 1 Hz. At this reduced actuation rate, rectified diffusion is not strong enough to sustain the bubble, so it dissolves. 1 s before every actuation pulse, an image of the bubble was captured. In this way, motion blur due to volume oscillations was prevented.
IV. MODELING THE PRINTHEAD
Deformation of a piezo gives rise to a current I from the actuator. Such a deformation can be caused by varying the voltage over the electrodes. Thanks to this effect, the piezo can be used as an actuator. Another way in which the piezo can be deformed is caused by acoustic waves in the channel. Therefore the piezoelement can be used also as a sensor. The piezocurrent is calculated by using the model developed in Ref. 14, which links the Rayleigh-Plesset equation to the equations that govern the propagation of acoustic waves in a viscous medium in a flexible pipe and the response of the piezo and channel to the actuator voltage.
Acoustically, the printhead consists of four linked sections of pipes, as shown in Fig. 4 . The properties of the channel are constant over each section. The relevant properties are the piezoelectric expansion coefficient ␣ j , the wall flexibility ␤ j , the cross sectional area A j , the velocity of sound in the liquid c, the liquid density , the viscosity , and the length L j of the channel section. The piezoelectric expansion coefficient is defined as
where U is the voltage over the electrodes of the piezoelement and P is the pressure in the channel. The wall flexibility is defined as While actuating, the fully grown air bubble will just remain oscillating in the channel indefinitely. Note the position of the air bubble: due to the secondary Bjerknes force, it is pushed against the glass wall where it stays fixed even after the actuation is stopped. On the left and right sides of the channel, the neighboring channels can also be seen. 
͑2͒
These quantities can be determined with a solid mechanics calculation, provided that the geometry and material parameters are accurately known. They can also be determined by measuring the piezocurrent in the absence of a bubble.
The analysis is performed in the frequency domain. The discrete Fourier transform is defined through
where f͑t͒ is the relevant quantity in the time domain, and F͑͒ is the corresponding quantity in the frequency domain. The explicit dependence on frequency is dropped in the remainder of the paper for the sake of brevity. The pressure P is decomposed into the waves propagating to the left P l and right P r . For each channel section, the amplitudes of the left and right propagating waves are calculated per frequency,
The pressure P s due to the actuator depends only on the imposed actuator voltage. The wave number k is a complex quantity due to viscous dissipation. For a cylindrical pipe, a closed form expression can be obtained analytically, 25 namely,
The functions J 0 and J 1 are the ordinary Bessel functions of the first kind, of zeroth and first orders, respectively. The Womersley number Wo is the ratio of the inertia of the oscillating velocity field over the viscosity,
where d j is the diameter of the section. The effective wave velocity is the inviscid phase velocity of acoustic waves. This quantity differs from the velocity of sound due to wall flexibility. It was derived by Young 26 and is given by
If the wall flexibility ␤ vanishes, the effective wave velocity is equal to the velocity of sound c. If the walls are flexible the effective wave velocity is smaller. The wave number ͑5͒
has been the main result of the acoustical model. 25 The boundary conditions are continuity of pressure and volume flow rate. Equation ͑4͒ for the pressure, Eq. ͑5͒ for the wave number, and the boundary conditions describe the propagation of acoustic waves in a flexible channel filled with a viscous liquid. The effect of the bubble is included in the volume flow rate balance between the nozzle and the glass connection channel by explicitly considering the flux q b from the bubble,
Here A c and A n are the cross sectional areas of the glass connection channel and the area of the nozzle, respectively, and u c and u n are fluid velocities in these sections. The volume flux from the bubble is calculated with the RayleighPlesset equation
In the Rayleigh-Plesset equation, r is the bubble radius, P g ͑r͒ is the gas pressure in the bubble, P v is the saturated vapor pressure of the ink, and is the surface tension of the ink. The gas pressure is obtained from the polytropic relation assuming an isothermal bubble. The saturated vapor pressure is P v = 2400 N m −2 and the surface tension is = 0.028 N m −1 . Through the ambient pressure P ϱ , which is obtained from the channel acoustics calculation, the channel acoustics are coupled to the bubble dynamics. A more extensive treatment of this model can be found in Ref. 14. Electrically, the piezoactuator is a capacitor in parallel with a variable current source. The piezocurrent depends on the capacitance of the actuator C a , the coupling coefficient ␣, and the pressure in the channel. The coupling coefficient relates the voltage over the piezo to the deformation of the channel and has also been used in the calculation of the channel acoustics. The time derivative of the charge expresses the relation between the actuator voltage and the piezocurrent in the time domain I t ,
Here Q is the total charge on the piezoactuator and U is the voltage over the piezoactuator. To calculate or interpret the piezocurrent, the isobaric capacitance and the relation between the channel pressure and current have to be determined. The isobaric capacitance is measured directly. The piezocurrent due to pressure fluctuations can be calculated from the thermodynamic fundamental equation of the actuator channel. The differential of the energy per unit length of channel is given by
where q is the charge per unit length and e is the energy of the channel per unit length. Note that only the structure is considered in this section. The analysis is simplified when the Legendre transform 27 with respect to pressure and actuator voltage is used, because the mechanical properties of the channel are known
The isobaric capacitance is defined as the second derivative,
where L a is the actuator channel length and q is assumed to be constant. The coupling coefficient ͑‫ץ‬Q / ‫ץ‬P͒ U is
͑14͒
Combining Eqs. ͑1͒ and ͑14͒ yields the coupling coefficient
͑15͒
Combining Eqs. ͑10͒, ͑13͒, and ͑15͒ yields the piezocurrent
In general, the pressure is a function of position. When the fluctuations are sufficiently slow for the system to come to rest locally, the piezocurrent can be obtained by integrating over the length of the actuator,
This approximation is valid here, since the wavelength is much larger than the channel radius, ensuring that the system is in local equilibrium. The piezocurrent is now known in terms of the actuator voltage and the channel pressure. From the Fourier transform of the pressure, the Fourier transform of the piezocurrent I f can be calculated. Inserting the expression of the pressure into Eq. ͑17͒, applying the Fourier transform defined in Eq. ͑3͒, and dividing by e it yield an expression for the piezocurrent,
If the electric signal source were an ideal voltage source, the voltage over the actuator would now be prescribed and the electrical resistance would vanish. The piezocurrent would be determined and measured as an indication of the acoustics in the channel. In reality, however, the signal generator is not an ideal voltage source but has an output impedance R p . Therefore the voltage over the piezoactuator is not imposed but is obtained as a part of the solution. The symbols that refer to electric properties of the measurement system are clarified in 
When Eq. ͑19͒ is inserted into Eq. ͑18͒, an expression for the piezocurrent with a nonideal voltage source is obtained,
Upon rearranging, the piezocurrent for a finite output resistance is obtained as
͑21͒
This expression shows that a finite output resistance acts as a low-pass filter with a cutoff frequency of c =1/ C p R p . Since the order of magnitude of the output impedance is typically R p = 100 ⍀ and the capacitance of the piezoactuator is about 1 nF, the cutoff frequency is typically c = 10 MHz. The order of magnitude of the resonance frequencies of the printhead is 100 kHz, which is much smaller. Therefore, the output impedance can be neglected. The coupling coefficient ␣ j and the wall flexibility ␤ j can be determined by comparison of the measured and calculated piezocurrents. Modifying the coupling coefficient changes the magnitude of the measured signal, but not its shape. So when the correct value of ␣ j is used in the model, the amplitudes of the measured and calculated piezocurrents are equal. The wall flexibility changes the resonance frequencies of the channel. Thus, when the correct value of ␤ j is used, the frequencies that are present in the calculated piezocurrent match those in the measured signal. These conditions were used to determine both parameters. Now that these parameters have been determined, the current from a printhead with a bubble can be modeled and compared with the experiment ͑see Fig. 6͒ . The switch changes between 1, actuation, and 2, when the piezo is used as hydrophone. The output impedance, R p , is in reality distributed throughout the system. It consists of resistance at connections, in wires, in the ampere meter, and in the voltage source. The jet pulse U a differs from the voltage U over the piezoelectrodes due to this resistance. In reality, the voltage source consists of a number of linked devices: an arbitrary waveform generator, a switchboard, and amplifiers.
V. COMPARING THE MODEL WITH EXPERIMENTS
In order to compare the model with the experiment, it is convenient to single out the change in the piezocurrent due to the bubble. Therefore, the piezocurrent of the undisturbed nozzle I 0 is subtracted from the piezocurrent obtained when a bubble is entrapped I͑V b ͒. This gives the differential piezocurrent
We will distinguish between the experimental differential current Ĩ e , with a corresponding optical measured bubble volume V e , and the differential current resulting from the model Ĩ m ͑V m ͒, where V m is the volume of the bubble assumed in the calculation. The undisturbed piezocurrent is obtained experimentally by measuring the piezocurrent in the absence of an entrained bubble. With the model, the undisturbed current can be obtained by setting the bubble volume to zero. Figure  7 shows examples of experimentally obtained differential currents Ĩ e . This figure illustrates again the pronounced change in the piezocurrent when an air bubble is present, compared to the current of an undisturbed channel. Moreover, it shows that even for very small bubbles, the change in the piezocurrent is still significant. The difference between the measured and calculated piezocurrents can be expressed as ␦ i ͑V m ͒, the relative norm of the difference, defined as
͑23͒
Here the L 2 norm is used, which is defined as
The norm of the difference is nondimensionalized using the norm of the measured differential current. In case of a bubble inside the channel, the value of ␦ i ͑V m ͒ depends on the bubble volume V m that is assumed in the calculation. The value of ␦ i ͑V m ͒ is close to zero when the differential current of the model matches the differential current of the experiment.
Note that ␦ i ͑V m ͒ is a positive definite function of the bubble volume that is assumed in the calculation. Therefore, when ␦ i ͑V m ͒ reaches a minimum, the match between model and experiment should be optimal. The value V m for which this minimum is reached should then correspond to the measured bubble volume. In Fig. 8 , the relative norm of the difference is shown for eight measured piezocurrents as a function of the assumed bubble volume. The functions are smooth and well behaved, which facilitates the search for their minimum.
In the domain used in the calculation, only a single minimum is found for ␦ i ͑V m ͒. To illustrate the agreement between the model and experiment at this minimum, Fig. 9 shows the differential piezocurrent of a measurement with its modeled counterpart. In this example, the optically obtained bubble volume was 81 pl. By inserting the corresponding piezocur- rent into the model, the minimum in ␦ i ͑V m ͒ was found for a bubble of 86 pl. As can be seen in Fig. 9 , the calculated piezocurrent closely resembles the measured piezocurrent in both frequency and amplitude.
The quality of the model becomes even more convincing in Fig. 10 , where V e , gathered during the bubble dissolution process, is compared with V m calculated by the model. For both methods, the absolute error is given by the colored area. The absolute error in the optically obtained bubble volume increases with the bubble volume. This originates from the measurement method, where the radius is extracted from the images with an accuracy of a few pixels. The absolute error is about 0.9 m, independent of the bubble size itself. As the bubble volume is V e = 4 3 r e 3 , where r e is the bubble radius, the relative error in the bubble volume is three times the relative error in the radius; ⌬V e / ͉V e ͉ =3⌬r e / ͉r e ͉. Correspondingly, the absolute error ⌬V e = ͑4r e 2 ͒⌬r e is quadratic in the bubble radius. Note that the error in the optical bubble volume does not affect the error in the calculated result, as V e is not a parameter of ␦ i ͑V m ͒ but only the current I e , which was measured simultaneously with V e . The error in the acoustic measurement ⌬V m is calculated from the minimum value in Fig. 8 by using
͑25͒
Here the difference between the calculated piezocurrent and the measured piezocurrent is assumed to be Gaussian white noise. The derivative is evaluated by a finite difference approximation.
In the inset of Fig. 10 , the ratio of the acoustically measured bubble volume over the optically measured bubble volume is shown. This illustrates that for bubbles above 20 pl, the relative error is less than 12%. For small bubble, the relative error diverges, and the acoustic measurement method becomes less accurate. This is attributed to nonlinear volume oscillations of the air bubble, which this linearized model cannot capture.
VI. SUMMARY AND OUTLOOK
A linear model is used to estimate the volume of a bubble in an inkjet channel. With this model, it is shown how a bubble influences the channel acoustics of an inkjet printhead. The linear approximation in this model is valid for bubbles that are larger than 20 pl. Small bubbles exhibit nonlinear behavior, which the model cannot capture. Therefore, the acoustic measurement method is less accurate in this regime. To overcome this problem, the method can be extended by solving the full nonlinear equations. The twoway coupling with the channel acoustics turns the RayleighPlesset equation into a delay differential equation. This nonlinear equation can be solved numerically 28 at the cost of increased calculation time.
The model calculates the current through the actuator. By comparing the current with experimentally obtained currents, the model is able to accurately determine the bubble volume. In this way, an acoustic measurement method for the volume of entrapped air bubbles is obtained. This method was validated with optically measured bubble volumes. In addition, this shows that the linear regime of volume oscillations of an air bubble in an inkjet microchannel and the corresponding channel acoustics is well understood.
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